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Abstract 
The modern economic theories consider human capital as a key factor for the long-term growth of a nation. In an educational 
contest a way to invest in human capital is to promote events that stimulate students to use communication technologies and to 
learn scientific reasoning. Therefore the Italian Statistical Society (SIS) support the National Olympics of Statistics, involving the 
second grade middle schools. The questionnaire of the competition has been analyzed in this paper through IRT models to 
evaluate its quality in discriminating students ability.  
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1. Introduction 
    The investment in knowledge is considered to be a crucial element for the growth of a nation; in particular 
education represents one of the key factors for development of human capital (Becker, 1964). The Italian Olympics 
of Statistics represents a real opportunity of investment in education and knowledge. This event encourages the 
promotion of excellence through the use of communication technologies and statistical reasoning. On the 1st and 
2nd of March 2012, 1362 students participated to the second edition of National Olympics of Statistics, sponsored 
by the Italian Statistical Society (SIS). The competition was addressed to students attending the fourth and the fifth 
grade of 54 second grade middle schools. The Olympics involved two categories: statistics category for students 
attending courses of statistics (985 students) and mathematics category for students studying statistics within 
mathematic programs (377 students). The design and the organization of the Olympics involved secondary schools 
teachers, researchers and professors of various Italian universities to ensure scientific rigor and accordance with 
school programs. The tests were conducted with e-learning platform Moodle, which fosters a dynamic and 
interactive approach. Students were supported by an internal tutor, belonging to the school and an external one 
appointed by the Italian Statistical Society. Their task was to support and control the students to guarantee the 
regular execution of the contest. The competition has been subdivided into two phases: eliminatory and final. The 
access rules to the final considered scores, times taken to perform the test and number of students for class. The 
questionnaire has been composed of 20 questions for the eliminatory phase and 15 for the final one. 
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2. The data 
Eight different questionnaires were used during the competition according to categories and classes. This study 
focuses only on the fifth class of statistics category of the eliminatory phase for a total of  426 students. The 
questionnaire is composed of 20 dichotomous items coded “1” for the correct answer and  “0” for the incorrect one. 
3. Methods and results 
Since the ability is a latent trait, it is measured indirectly through observed variables (items). The role of the 
questionnaire is crucial for the measurement process, therefore it is important to build adequate items. The validity 
of a test can be established through a process of validation and this must be done before the results can be used for 
any particular purposes. “Validity is often regarded as involving the question of whether a test measures what it 
intends to measure” (Van der Walt & Steyn, 2008, p.192). The aim of this paper is to validate the questionnaire used 
in the competition through item response theory approaches (IRT) highlighting the usefulness of this tool in the 
exploration of test constructs. In the first phase of this work, some descriptive statistics used in the classical test 
theory (CTT) (Kline, 2005) was considered concerning the reliability of each item. These results have suggested to 
erasing the most problematic items from the questionnaire. In the second phase, IRT analysis was used to test the 
difficulty and discrimination of the remaining items. The data has been analyzed using statistic software R and, in 
particular, latent trait models (ltm) package (Rizopoulos, 2006). 
3.1 Descriptive analysis of the questionnaire  
Table 1 shows the proportion of correct responses and provides an immediate idea of items difficulty. In 
particular, items 16, 18 and 5 seem to be the hardest, while items 13, 4, 6, 12, 9 and 3 are the easiest. Moreover 
extremely easy items (with percentage of correct responses greater than 90%) are not present, while it can be noticed 
that one difficult item exists (the number 16 with 4% of correct answers). 
 
Table 1. Proportions for correct response 
 
 X1 X2 X3 X4 X5 X6 X7 X8 X9 X10 X11 X12 X13 X14 X15 X16 X17 X18 X19 X20 
Prop. .27 .37 .48 .57 .18 .54 .38 .30 .49 .27 .25 .50 .74 .35 .38 .04 .40 .16 .32 .32 
 
Table 2 shows the point biserial correlation coefficient (rpbi) for each item (Kline, 2005): 
                                                        )1/( iiii pps
rpb −−= μμ                                                      (1) 
where i=1,…,n indicates the items, µi is the average total score when the response is correct (xi=1), µ is the 
average total score when the response is incorrect (xi=0), s is the standard deviation of the total score and pi  is the 
relative frequency of correct responses to the i-th item. In this work the point biserial correlation has been 
considered excluding the item from the calculation (second row of table 2) even if the values are low (rpbi ≤ 0.3). In 
fact, the included coefficient is better because part of the variance of the total score is due to the item itself. Item 20, 
3, 11 and 5 are the most consistent with the test, while items 16 and 14 present the worst values of point biserial 
coefficient (0.01 and 0.09 respectively) suggesting their removal from the test. 
 
 
Table 2. Point biserial correlation between each item and the total score 
 
 Item 
  1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
Included .34 .37 .48 .30 .41 .33 .35 .36 .27 .26 .45 .35 .37 .25 .29 .07 .37 .30 .32 .48 
Excluded .21 .23 .34 .15 .30 .17 .20 .22 .11 .12 .33 .20 .24 .09 .13 .01 .23 .19 .18 .35 
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The reliability of the test has been calculated using the Cronbach's alpha (Cronbach, 1951). The value of the 
coefficient is 0.6; this is a reasonable value, even if it is not excellent. The exclusion of items 9, 10, 14, 15 and 16 do 
not cause variations of the Cronbach's alpha; thus they do not contribute to increase the reliability of the test. Items 
3, 20, 5 and 11 are essential for a good consistency; in fact their omission causes a decrease of the coefficient. 
 
Table 3. Cronbach’s alpha 
 
All item Excluding item: 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
.60 .58 .58 .56 .59 .57 .59 .59 .58 .60 .60 .57 .59 .58 .60 .60 .60 .58 .59 .59 .56 
 
The descriptive analysis through CTT shows that item 20, 3 and 11 have a better internal coherence; while items 
9, 10, 14, 15 and 16 do not contribute to increase the reliability of the test. For this reason they have been excluded 
from the IRT analysis. 
 
3.2 Item response theory analysis  
“Item Response Theory considers a class of latent variable models that link mainly dichotomous and polytomous 
manifest (i.e. response) variables to a single latent variable” (Rizopoulos, 2006, p.2). These models provide a 
mathematical equation for the relationship between the probability of correct response and the ability. The most 
common IRT models for dichotomous items are the one (1PLM) and the two (2PLM) parameters logistic models. 
The former considers only items difficulty and assumes that the discrimination parameters are equal to one. The 
latter allows for different discrimination parameters for each items. In this study a preliminary analysis have been 
conducted to test the equal discrimination across items by comparing 1PLM and 2PLM considering only 15 items. 
The results highlight that the second model is better; in fact the value of AIC is lower for the 2PLM and the 
likelihood ratio test appears significant as shown in table 4. 
 
Table 4. Likelihood Ratio table 
 
 AIC BIC Log-Likelihood LRT df pvalue  
1PLM 7719.03 7779.85 -3844.52     
2PLM 7679.62 7801.25 -3809.81 69.42 15 <0.001  
 
The mathematical expression for the 2PLM is given by (Reckase, 2009): 
 
( )
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i j i
i j i
a b
ij j i i a b
eP X a b
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−
−= = +
          (2) 
 
Where Xij is the answer of the j-th subject on the i-th item, θj is the ability of the j-th subject, ai and bi are the 
discrimination and the difficulty parameter of the i-th item respectively. 
The basic assumptions behind the model are: 
1) Unidimensionality: items are indicators of the same ability θ; 
2) Local independence: the response to one item is independent from other items of the test; 
3) Monotonicity: the probability of correct response to the item increases, or at least does not decrease, as the 
ability of the examinees increases. 
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Table 5 illustrates the values, the standard errors and standardized values for the parameters bi and ai and the 
probability of a right answer to each item for the average student. Parameter estimates have been calculated using 
the marginal maximum likelihood with the Gauss-Hermite quadrature rule (Johnson, 2007). It is clear that the most 
difficult items are 18, 1 and 5 while the easiest are items 13, 4 and 6.  
 
Table 5. Values and standard errors for ai and bi 
 
 	 	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!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13 -1.33 0.26 -5.16 0.93 0.21 4.50 0.78 
4 -0.71 0.34 -2.11 0.40 0.14 2.95 0.57 
6 -0.34 0.25 -1.35 0.44 0.14 3.20 0.54 
12 0.01 0.16 0.08 0.69 0.16 4.44 0.50 
3 0.10 0.11 0.90 1.09 0.20 5.43 0.47 
17 0.76 0.25 3.06 0.58 0.15 3.98 0.39 
7 0.84 0.25 3.38 0.62 0.15 4.12 0.37 
2 0.98 0.30 3.33 0.56 0.15 3.82 0.36 
19 1.26 0.30 4.19 0.67 0.16 4.28 0.30 
8 1.49 0.37 3.96 0.61 0.15 3.95 0.29 
20 0.72 0.12 5.81 1.44 0.26 5.64 0.26 
1 2.25 0.71 3.19 0.46 0.15 3.11 0.26 
11 1.17 0.19 6.33 1.19 0.22 5.39 0.20 
18 3.23 0.99 3.25 0.53 0.18 3.02 0.15 
5 1.67 0.26 6.46 1.14 0.22 5.11 0.13 
 
The highest value for discrimination parameters is 1.44 for item 20. In particular we obtain moderate values for 
19, 12, 13, 3, 5 and 11 (from 0.67 to 1.19) and low values for the others. Analyzing the last column of the same table 
it can be noticed that, for a middle ability student, the probability of giving a right answer to the item 13, the easiest, 
is equal to 0.78; while for item 5, the most difficult, the same probability is equal to 0.13. 
Figure 1 displays the item characteristic curve (ICC) for each item; different slopes indicate different level of 
discrimination, while different values of probability, given the ability, imply dissimilar level of difficulty. For 
instance, comparing the extreme cases, items 4 and 20, it can be noticed that the latter has a lower slope than the 
former; it means that item 4 does not allow identifying the worthier students as the item 20. 
 
Since the ability is a latent trait, the test information function measures the goodness of its estimate; in particular 
it shows whether different ability levels are estimated with differing degrees of precision. In the 2PLM the test 
information function is defined as (Baker, 2001): 
 
2
1
( ) ( ) ( )
n
i i i
i
I a P Qθ θ θ
=
=∑       (3) 
 
Where ai is the discrimination parameter for the i-th item, Pi(θ)=1/{1+exp[-ai(θ-bi)]}and Qi(θ)=1-Pi(θ). 
   
  
 
The amount of information is 11.28, in particular in the ability range (-3,3) it is 8.67 (77% of the total) while in 
the range (-1,2) it is 5.7 (50.5%). The maximum level of information is given for an ability value of about 1; thus, 
this questionnaire measures mainly middle and high ability levels. Since the questionnaire was created for a 
competition, this asymmetry is a positive characteristic because the Olympics aim is to elect the best student.  
Since the analysis of  the data highlights that the matrix of response patterns is sparse, the residuals for the second 
order margins have been investigated to test the fit of the model.  
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Table 6. Residual for the second order margins 
 
esponse Item i tem j bs xp (O-E)^2/E 
(0,0) 6 10 93 106.29 1.66 
 3 11 81 71.73 1.2 
 7 11 68 76.5 0.94 
(1,0) 1 12 52 64.18 2.31 
 3 11 29 38.19 2.21 
 7 11 42 33.41 2.21 
(0,1) 2 13 27 40.07 4.26 
 6 10 105 91.64 1.95 
 4 13 34 27.4 1.59 
(1,1) 2 13 43 29.92 5.72 
 1 12 63 50.85 2.9 
 9 13 30 23.24 1.97 
 
“These residuals are calculated by constructing all possible 2x2 contingency tables for the available items and 
checking the model fit in each cell using the Pearson’s χ2 statistic” (Rizopoulos, 2006, p.9). The model 
demonstrates a good fit to the second order margins; in fact, only two couples of item denote a chi-squared residual 
greater than 3.5 by involving items 2 and 13 in both cases as illustrated in table 6. 
Conclusions  
Questionnaires for learning evaluation usually do not measure what they intend to measure because they are often 
built without a preventive study of the examinee abilities. A pre-test phase on a sample of students should be 
desirable to solve this issue. Since the questionnaire has a crucial role for the measurement of different skills, the 
aim of this paper is to evaluate its validity. The results of the analysis highlight two important aspects: 
1) several items present low internal coherence with the test; in particular, items 9, 10, 14, 15 and 16 should be 
removed from the questionnaire; 
2) the questionnaire appears unbalanced since it measures mainly middle and high abilities level. 
Hence, this study demonstrates the need of a pre-test phase too. Afterwards  it could be appropriate to analyze the 
differences among students by introducing predictor variables and to study the reciprocal relationships between 
them and IRT latent traits (Adams, Wilson, & Wu, 1997). Since the Olympic data present an hierarchical structure, 
where students are nested within classes and schools, it could be used the multilevel IRT model proposed by Kamata 
(Kamata, 2001). This model allows to estimate latent traits and to analyze the relationship between them and 
predictor variables, both at different levels. The aim is to implement the Kamata’s 3 level IRT model with items at 
first level, students at the second and schools at the third one. This model “was also able to partition the total 
variance of the latent trait into person- and site-level components” (Pastor, 2003, p.239). 
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